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Recently, numerical solutions to the field equations of Einstein-scalar-Gauss-Bonnet (EsGB) grav-
ity that correspond to black-holes with non-trivial scalar hair have been reported. Here, we employ
the method of the continued-faction expansion in terms of a compact coordinate in order to ob-
tain an analytical approximation for the aforementioned solutions. For a wide variety of coupling
functions to the Gauss-Bonnet term we were able to obtain analytical expressions for the metric
functions and the scalar field. In addition we estimated the accuracy of these approximations by
calculating the black-hole shadows for such black holes. Excellent agreement between the numerical
solutions and analytical approximations has been found.
PACS numbers: 04.50.Kd,04.70.Bw,04.25.Nx,04.30.-w,04.80.Cc
I. INTRODUCTION
Nowadays black holes are the most important objects
for understanding the regime of strong gravity. Obser-
vations in the gravitational [1–3] and electromagnetic
[4, 5] spectra support General Relativity, but, at the same
time, leave ample room for alternative theories of gravity
[6, 7]. One of the most interesting alternative approaches
is related to adding higher curvature corrections to the
Einstein action. This kind of extensions of the Einstein
gravity is inspired by the low energy limit of string theory
[8, 9] and, presumably, could describe quantum corrected
black holes. The lowest order correction is given by the
(second order in curvature) Gauss-Bonnet term, which
is pure divergence in four dimensional spacetimes, but,
when coupled to a scalar field, it leads to modifications
of the Einstein equations.
All the known black hole solutions in the four-
dimensional Einstein-scalar-Gauss-Bonnet gravity are
obtained either numerically [9–11], or perturbatively
[12, 13], what makes it either difficult or impossible to
use a number of tools for analysis of behavior of such so-
lutions. Analytical expressions for such numerical black-
hole metrics, which are valid in the whole space out-
side the event horizon, would allow us to see the ex-
plicit dependence of the metric on physical parameters
of the system and to work with the metric as, essen-
tially, with an exact solution. The approach to find-
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ing analytical approximations of numerical solutions was
based on the general parametrization for spacetimes of
static spherically symmetric black holes [14] and ex-
tended in [15] to axial symmetry. For spherical symme-
try the parametrization uses a continued-fraction expan-
sion in terms of a compactified radial coordinate. This
choice leads to superior convergence properties and al-
lows one to approximate a black-hole metric with a much
smaller set of coefficients. This approach was used to con-
struct the analytical approximation of numerical black-
hole solutions in the Einstein-Weyl [16], Einstein-dilaton-
Gauss-Bonnet [17] and Einstein-scalar-Maxwell [18] theo-
ries. Further studies of observables in these parametrized
spacetimes [19–24] showed that usually it is sufficient
only two-three orders of the continued fraction expan-
sion in order to achieve reasonable accuracy.
In [17] the analytical approximation was found for the
particular choice of the scalar field coupling - the dila-
ton, exponential coupling, which was considered numeri-
cally in [9]. Recently this approach was extended in [10]
to various types of the scalar field function and allowed
therefore, to look whether there are some common fea-
tures for all the considered couplings of the scalar field.
A similar problem was attacked numerically for case of
the Einstein-scalar-Maxwell theory [25] and the study of
its analytical approximation [18] showed that the radius
of the black-hole shadow is increased for any of the con-
sidered couplings of the scalar field. Scalarization, that is
the phenomenon of spontaneous acquiring of a scalar hair
by the black hole as a result of the non-minimal coupling
of a scalar field to the system, has been actively studied
in [26–30].
Here we will generalize the procedure for finding the
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2analytical approximation in the Einstein-Gauss-Bonnet
theory to the cases of various coupling functions of
the scalar field. Then, we will apply the obtained
parametrized black-hole metrics to the calculation of the
radii of shadows in order to estimate the relative error
due to the truncation of the continued fraction expan-
sion which we used. We will also present the analytical
expressions for both the radius of the photon sphere and
the black-hole shadow.
The paper is organized as follows. In Sec. II we present
the basics of the Einstein-scalar-Gauss-Bonnet theory.
Sec. III is devoted to the introduction of the continued
fraction expansion, while in Sec. IV we apply this proce-
dure to the numerical solution of the EsGB black holes.
Finally in Sec. V we find black hole shadows for the above
numerical and parametrized black-hole metrics. In the
Conclusions we summarize the obtained results and dis-
cuss the open questions.
II. BLACK HOLES IN
EINSTEIN–SCALAR–GAUSS–BONNET
GRAVITY
The Lagrangian for EsGB gravity reads
ℒ = 𝑅+ 𝑓(𝜙)𝑅2𝐺𝐵 −
1
2
∇𝛼𝜙∇𝛼𝜙 , (1)
where the Gauss-Bonnet (GB) term is defined as
𝑅2𝐺𝐵 ≡
(︀
𝑅2 − 4𝑅𝛼𝛽𝑅𝛼𝛽 +𝑅𝛼𝛽𝛾𝛿𝑅𝛼𝛽𝛾𝛿
)︀
, (2)
and 𝑓(𝜙) is an arbitrary smooth function of the scalar
field 𝜙 corresponding to GB coupling.
In four dimensions, if 𝑓(𝜙) is a constant, then the GB
term is topological in the sense that it does not contribute
to the field equations. In the case of an exponential cou-
pling function 𝑓(𝜙) ∝ 𝑒𝜙 black-hole solutions with scalar
hair emerge for EsGB gravity and the first solutions were
obtained numerically in [9]. More recently, the authors of
[31] have reported that regular black-hole solutions with
scalar hair appear as a generic feature of the theory (1).
Let us start by considering the following line element
for a static and spherically symmetric spacetime:
𝑑𝑠2 = −𝑔𝑡𝑡(𝑟)𝑑𝑡2+𝑔𝑟𝑟(𝑟)𝑑𝑟2+𝑟2
(︀
𝑑𝜃2 + sin2 𝜃𝑑𝜑2
)︀
. (3)
We also assume that the scalar field shares the symme-
tries of the underlying spacetime and it thus depends
solely on the radial coordinate 𝑟.
The Einstein equations that are derived from the the-
ory (1) are the following:
𝑅𝜇𝜈 − 1
2
𝑅𝑔𝜇𝜈 = −1
4
𝑔𝜇𝜈𝜕𝜌𝜙𝜕
𝜌𝜑+
1
2
𝜕𝜇𝜑𝜕𝜈𝜙
− 1
2
(𝑔𝜌𝜇𝑔𝜆𝜈 + 𝑔𝜆𝜇𝑔𝜌𝜈) 𝜂
𝜅𝜆𝛼𝛽?˜?𝜌𝛾 𝛼𝛽∇𝛾𝜕𝜅𝑓(𝜙) ,
(4)
where
?˜?𝜌𝛾 𝛼𝛽 = 𝜂
𝜌𝛾𝜎𝜏𝑅𝜎𝜏𝛼𝛽 =
𝜖𝜌𝛾𝜎𝜏√−𝑔 𝑅𝜎𝜏𝛼𝛽 . (5)
Also, the scalar field equation of motion is
∇2𝜙+ 𝑓 ′(𝜙)𝑅2𝐺𝐵 = 0 , (6)
where it is understood that throughout this article a
prime indicates differentiation with respect to the argu-
ment of the function.
Numerical solutions to the field equations of EsGB
gravity corresponding to black-holes with scalar hair have
been recently found in [10] for a wide range of GB cou-
plings. Here, by employing the method of [14] we shall
obtain analytical approximations of these numerical so-
lutions.
III. THE CONTINUED–FRACTIONS
APPROXIMATION
In this section we outline the method of the continued-
fractions approximation (CFA) [14] and introduce the no-
tations we will use in the rest of the article.
In the original coordinate system of (3), the radius of
the event horizon of the black hole 𝑟0 is determined by
the vanishing of the norm of the time-like Killing vec-
tor associated with the invariance of the metric under
time translations. This condition eventually translates to
𝑔𝑡𝑡(𝑟0) = 0. Then, we may perform a radial coordinate
transformation and introduce the compact coordinate
𝑥 ≡ 1− 𝑟0
𝑟
, (7)
that ranges from 𝑥 = 0 at the location of the horizon up
to 𝑥 = 1 at spatial infinity.
In the CFA, we consider a new metric ansatz that
is suitable for approximating any spherically-symmetric
metric to high-accuracy with only a small number of pa-
rameters [16, 17]. The metric coefficients of (3) are writ-
ten in terms of the new set of functions 𝐴(𝑥) and 𝐵(𝑥)
defined via the following relations:
𝑔𝑡𝑡(𝑟) = 𝑥𝐴(𝑥) ,
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) = 𝐵(𝑥)
2 ,
(8)
with
𝐴(𝑥) ≡ 1− 𝜖(1− 𝑥) + (𝑎0 − 𝜖)(1− 𝑥)2 +𝐴(𝑥)(1− 𝑥)3
𝐵(𝑥) ≡ 1 + 𝑏0(1− 𝑥) + ?˜?(𝑥)(1− 𝑥)2 ,
(9)
where the parameter 𝜖 is determined by the value of the
asymptotic mass 𝑀 of the black hole and the location of
its event horizon 𝑟0 as
𝜖 ≡ −
(︂
1− 2𝑀
𝑟0
)︂
. (10)
3The parameter 𝜖 clearly measures the amount of the
deviation of the EsGB black-hole geometry from the
Schwarzschild black hole, for which 𝑟0 = 2𝑀 . The pa-
rameters 𝑎0 and 𝑏0 are defined in terms of 𝜖 and the so-
called parametrized post-Newtonian (PPN) parameters
𝛽 and 𝛾 as
𝑎0 ≡ (𝛽 − 𝛾)(1 + 𝜖)
2
2
, (11)
𝑏0 ≡ (𝛾 − 1)(1 + 𝜖)
2
2
. (12)
The functions 𝐴(𝑥) and ?˜?(𝑥) have the delicate role
of describing the metric near the horizon (𝑥 = 0) and
are defined in terms of continued-fractions expansions as
follows:
𝐴(𝑥) =
𝑎1
1 +
𝑎2𝑥
1 +
𝑎3𝑥
1 +
𝑎4𝑥
1 + . . .
,
?˜?(𝑥) =
𝑏1
1 +
𝑏2𝑥
1 +
𝑏3𝑥
1 +
𝑏4𝑥
1 + . . .
. (13)
The values of the parameters 𝑎𝑖 and 𝑏𝑖 for 𝑖 > 1 can
be obtained numerically upon expanding both sides of
Eqs.(8) near the horizon and comparing coefficients of
the same order in the expansion.
At this point let us mention that at spatial infinity the
metric functions and the scalar field can be approximated
as [31]
𝑔𝑡𝑡(𝑟) =1− 2𝑀
𝑟
+
𝑀𝐷2
12𝑟3
+
24𝑀𝐷𝑓 ′ +𝑀2𝐷2
6𝑟4
+𝒪(1/𝑟5) ,
(14)
𝑔𝑟𝑟(𝑟) =1 +
2𝑀
𝑟
+
16𝑀2 −𝐷2
4𝑟2
+
32𝑀3 − 5𝑀𝐷2
4𝑟3
+
768𝑀4 − 208𝑀2𝐷2 − 384𝑀𝐷𝑓 ′ + 3𝐷4
48𝑟4
+𝒪(1/𝑟5) ,
(15)
𝜙(𝑟) =𝜙∞ +
𝐷
𝑟
+
𝑀𝐷
𝑟2
+
32𝑀2𝐷 −𝐷3
24𝑟3
+
12𝑀3𝐷 − 24𝑀2𝑓 ′ −𝑀𝐷3
6𝑟4
+𝒪(1/𝑟5) ,
(16)
where 𝜙∞ is the asymptotic value of the scalar field and
𝐷 is its charge. Notice that the exact form of 𝑓(𝜙) plays
no role in the asymptotic expansions up to the third or-
der. The form of Eqs.(14)-(15) implies that 𝛽 = 𝛾 = 1
and thus 𝑎0 = 𝑏0 = 0 for any GB coupling function.
In the same spirit, an analytical approximation for the
scalar field can also be obtained by means of the CFA [17].
One defines a new function of the compact coordinate
that is related to the scalar field and its asymptotic value
at spatial infinity via the following relation:
𝐹 (𝑥) = 𝑒𝜙(𝑟)−𝜙∞ , (17)
where the left hand side is expanded as
𝐹 (𝑥) = 1 + 𝑓0(1− 𝑥) + 𝐹 (𝑥)(1− 𝑥)2 . (18)
The coefficient 𝑓0 = 𝐷/𝑟0 is determined by the value of
the charge of the scalar field and
𝐹 (𝑥) =
𝑓1
1 +
𝑓2𝑥
1 +
𝑓3𝑥
1 + . . .
. (19)
Again by expanding (17) near the event horizon one can
obtain numerically the values of the coefficients 𝑓𝑖 for
𝑖 > 1.
IV. ANALYTICAL APPROXIMATIONS FOR
ESGB BLACK HOLES
By employing the method described in the previous
section we have derived analytical approximations for nu-
merical black-hole solutions emerging in EsGB gravity.
More precisely, for all the numerical solutions obtained
for the different coupling functions studied in [10] we give
here the approximate analytic metric coefficients.
Near the location of the event horizon we may expand
the metric functions and the scalar field as follows:
𝑔𝑡𝑡(𝑟) = 𝑝1
[︃
(𝑟 − 𝑟0) +
∞∑︁
𝑛=2
𝑝𝑛(𝑟 − 𝑟0)𝑛
]︃
, (20)
𝑔𝑟𝑟(𝑟) =
∞∑︁
𝑛=1
𝑞𝑛(𝑟 − 𝑟0)𝑛 ,
and
𝜙(𝑟) =
∞∑︁
𝑛=0
𝜙𝑛
𝑛!
(𝑟 − 𝑟0)𝑛 , (21)
where 𝜙𝑛 ≡ 𝜙(𝑛)(𝑟0) is the 𝑛−th order derivative of the
scalar field evaluated on the location of the horizon.
The value of the scalar field on the horizon 𝜙0 is a free
parameter, subject to the requirement 𝜙1 ∈ R in order
for a black-hole solution to exist. Upon specifying the
form of the coupling function 𝑓(𝜙), the first derivative of
the scalar field 𝜙1 on the horizon is uniquely determined
for each value of 𝜙0 through the constraint [10]
𝜙1 =
𝑟0
4𝑓 ′(𝜙0)
(︃√︃
1− 96𝑓
′(𝜙0)2
𝑟40
− 1
)︃
. (22)
4Once the values of the parameters 𝑝1, 𝜙0, and 𝜙1 have
been specified, the rest of the parameters 𝑝𝑖, 𝑞𝑖 and 𝜙𝑖
in the expansions can be determined recursively up to
an arbitrary order. This is achieved by substituting
Eqs. (20) and (21) into the field equations and then solv-
ing the corresponding equations order by order in the
expansion.
It is convenient to introduce a new dimensionless pa-
rameter 𝑝 ∈ [0, 1] instead of 𝜙0 to parameterize the family
of black-hole solutions for each GB coupling function as
follows:
𝑝 ≡ 96𝑓
′(𝜙0)2
𝑟40
, (23)
with the Schwarzschild limit corresponding to 𝑝 = 0 while
for 𝑝→ 1 the maximal-coupling regime is approached.
For each value of 𝑝 we numerically integrate the field
equations to obtain the accurate numerical solutions for
the metric functions and the scalar field1. The parame-
ter 𝑝1 is then fine-tuned such that for 𝑟 → ∞ we have
𝑔𝑡𝑡(𝑟)→ 1 and 𝑔𝑟𝑟(𝑟)→ 1.
With these solutions at hand, the next step is to deter-
mine the values of the asymptotic parameters of the sys-
tem. The asymptotic mass 𝑀 is computed by expanding
the solution for 𝑔𝑡𝑡(𝑟) at large values of the radial coor-
dinate and isolating the numerical coefficient of the term
∼ 1/𝑟. Then, according to (14), 𝑀 simply corresponds
to −1/2×(value of coefficient). This also determines the
value of the parameter 𝜖 via (10). Similarly, the asymp-
totic values for 𝜙∞ and 𝐷 of the scalar-field expansion
(16) are determined via the corresponding coefficients of
the expansion of the numerical solution for 𝜙(𝑟).
The numerical values for the parameters (𝑝𝑖, 𝑞𝑖, 𝜙𝑖) are
thus determined as described above for each value of 𝜙0
and 𝑝1 and in this way through Eqs.(8) and (17) one fi-
nally ends up with numerical values for the set (𝑎𝑖, 𝑏𝑖, 𝑓𝑖).
The above steps are repeated for different values of 𝑝
that span the allowed range [0, 1] and numerical data are
collected for (𝑎𝑖, 𝑏𝑖, 𝑓𝑖). Then, one is able to perform a
fitting of these data in order to obtain analytical expres-
sions for the CFA parameters as functions of 𝑝. It is then
straightforward to write down approximate analytical ex-
pressions for the metric functions and the scalar field to
the desired order in the CFA via (9) and (18).
A. The even–polynomial coupling function
The first case we study is the even-polynomial coupling
function
𝑓(𝜙) =
1
4
𝜙2𝑛, 𝑛 ∈ Z+ , (24)
1 The interested reader can find more details about the numerical
black-hole solutions emerging in EsGB gravity in [10].
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FIG. 1. The asymptotic parameter 𝜖 (10) as a function of
the dimensionless parameter p (23) for different GB-coupling
functions.
The form of the dimensionless parameter (23) for this
family of black-hole solutions is
𝑝 =
(︀
24𝑛2
)︀
𝜙4𝑛−20
𝑟40
, (25)
and the allowed values for 𝜙0 are thus
|𝜙0| 6
(︂
24𝑛2
𝑟40
)︂ 1
2−4𝑛
. (26)
In order to be able to perform the analysis we need to
reduce the number of free parameters and so we choose
as an indicative value 𝑛 = 1 in (24).
The obtained analytical expressions for the parameters
of the CFA (9),(13),(18) and (19) up to second order are
given below
𝑎1 =
63𝑝
332 − 23𝑝
2
143
− 83𝑝2401 + 𝑝− 223259
, (27)
𝑎2 =
− 234𝑝2307 + 152𝑝397 + 1
73
221 − 73𝑝228
, (28)
𝜖 =
𝑝
43 − 𝑝
2
201
1− 105𝑝577
. (29)
The profile of the 𝜖 parameter with respect to 𝑝 is de-
picted in Fig.1 for all the GB-couplings we have studied
in this article.
The above parameters alone suffice for the determina-
tion of the analytical representation of 𝑔𝑡𝑡(𝑟). We point
out that a general feature of the approximate expressions
for both the metric functions and the scalar field is that
the relative error (RE) increases with 𝑝. For the GB-
coupling 𝑓(𝜙) = 𝜙2/4 when 𝑝 = 0.8 in Fig.2 we plot the
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FIG. 2. The relative error of the forth-order analytical ap-
proximation for 𝑔𝑡𝑡(𝑟)(𝑝) from the accurate numerical solution
𝑔𝑡𝑡(𝑟) for 𝑝 = 0.8.
RE between the forth-order analytical approximation for
the 𝑔𝑡𝑡(𝑟) metric function and its accurate numerical so-
lution. The maximum error occurs around the photon
sphere radius at 𝑟 ≈ 1.5 𝑟0 and is less than 0.24%.
In turn, the analytical approximation of 𝑔𝑟𝑟(𝑟) emerges
via (8) and thus requires also the expressions for the pa-
rameters 𝑏𝑖 that are listed below
𝑏1 =
91𝑝
396 − 85𝑝
2
438
− 24𝑝2131 + 𝑝− 632707
, (30)
𝑏2 =
− 173𝑝3432 + 47𝑝
2
225 − 106𝑝203 + 1
20
221 − 25𝑝283
, (31)
Finally for the scalar field the analytically approxi-
mated parameters for the CFA are found to be
𝜙∞ =
− 9𝑝256 − 𝑝67
𝑝2 + 38𝑝61 +
1
145
, (32)
𝑓0 =
− 27𝑝3406 + 7𝑝
2
61 +
3𝑝
130 +
1
6438
− 59𝑝3105 + 83𝑝
2
95 + 𝑝+
7
167
, (33)
𝑓1 =
23𝑝2
67 +
7𝑝
69 +
1
1138
4𝑝2
11 + 𝑝+
2
31
, (34)
𝑓2 =
− 23𝑝355 − 30𝑝
2
97 + 𝑝
3𝑝3
56 − 31𝑝
2
79 +
79𝑝
211 +
1
8997
, (35)
In Fig.3 we plot the corresponding REs for the 𝑔𝑟𝑟(𝑟)
metric function and the scalar field 𝜙(𝑟) both at fourth
order in the CFA. The expressions for the second-order
analytical approximations for the metric functions and
the scalar field can be found in Appendix A for all the
GB couplings studied in this article2.
B. The odd–polynomial coupling function
The odd-polynomial coupling function is
𝑓(𝜙) =
1
4
𝜙2𝑛+1, 𝑛 ∈ N . (36)
For this coupling the dimensionless parameter has the
following form:
𝑝 =
6(2𝑛+ 1)2
𝑟40
𝜙4𝑛0 , (37)
and the allowed values of 𝜙0 are
|𝜙0| 6
(︂
𝑟40
6(2𝑛+ 1)2
)︂ 1
4𝑛
. (38)
For 𝑛 = 1, the approximate analytic expressions for
the parameters are given below
𝑎1 =
11𝑝
84 − 79𝑝
2
638
− 124𝑝2405 + 𝑝− 233328
, (39)
𝑎2 =
− 179𝑝3182 + 𝑝2 + 97𝑝253
− 41𝑝2212 + 41𝑝209 + 1360
, (40)
𝜖 =
− 𝑝3186 + 7𝑝
2
234 +
3𝑝
409
𝑝+ 34271
, (41)
𝑏1 =
33𝑝
145 − 58𝑝
2
301
− 77𝑝2414 + 𝑝− 217244
, (42)
𝑏2 =
𝑝3 − 119𝑝2205 − 186𝑝227 − 1123
19𝑝2
181 − 86𝑝811 − 1512
, (43)
𝜙∞ =
𝑝3
59 − 10𝑝
2
91 +
5𝑝
77
66𝑝2
83 + 𝑝+
1
1087
, (44)
𝑓0 =
−𝑝329 + 11𝑝
2
54 +
13𝑝
175 +
1
1401
98𝑝2
107 + 𝑝+
9
206
, (45)
2 We only give the second-order expressions in the appendix for
reasons of compactness but in the accompanying Mathematica R○
file one can obtain the analytical expressions up to fourth order.
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FIG. 3. For 𝑝 = 0.5 and at fourth order in the continued-fractions approximation, (left panel) the relative error in the 𝑔𝑟𝑟(𝑟)
metric function and (right panel) the error for the scalar field when 𝑓(𝜙) = 𝜙2/4.
𝑓1 =
75𝑝2
187 +
17𝑝
137 +
1
903
36𝑝2
77 + 𝑝+
14
223
, (46)
𝑓2 =
− 63𝑝380 + 8𝑝
2
117 + 𝑝+
4
143
8𝑝3
93 − 51𝑝
2
95 +
59𝑝
127 +
2
69
, (47)
C. The inverse–polynomial coupling function
The inverse-polynomial coupling function is
𝑓(𝜙) =
1
4
𝜙−𝑛, 𝑛 ∈ Z+ , (48)
and the dimensionless parameter for this family of black-
hole solutions turns out to be
𝑝 =
6𝑛2
𝑟40
(︂
1
𝜙0
)︂2(𝑛+1)
. (49)
The allowed range of values for 𝜙0 in this case is
|𝜙0| >
(︂
6𝑛2
𝑟40
)︂ 1
2(𝑛+1)
. (50)
Once again, we fix 𝑛 = 1 in order to perform the analysis.
The approximate analytic expressions for the parame-
ters in this case are given below
𝑎1 =
13𝑝3
121 − 4𝑝
2
49 − 16𝑝281
11𝑝2
355 − 245𝑝263 + 1
, (51)
𝑎2 =
− 583𝑝3875 + 𝑝2 − 31𝑝292 − 13367
− 57𝑝2340 + 49𝑝306 + 2161
, (52)
𝜖 =
− 2𝑝3317 + 25𝑝
2
341 +
8𝑝
147
𝑝+ 167308
, (53)
𝑏1 =
103𝑝
477 − 75𝑝
2
406
− 12𝑝259 + 𝑝− 165191
, (54)
𝑏2 =
− 300𝑝2307 + 585𝑝1756 + 1
25𝑝2
182 − 133𝑝257 + 259671
, (55)
𝜙∞ =
− 25𝑝384 + 𝑝2 + 31𝑝113 + 1181
− 11𝑝369 + 43𝑝
2
84 +
7𝑝
83 +
1
1297
, (56)
𝑓0 =
5𝑝3
101 − 27𝑝
2
55 − 13𝑝94 − 1895
106𝑝2
121 + 𝑝+
8
151
, (57)
𝑓1 =
− 10𝑝3143 − 27𝑝
2
190 − 𝑝194
𝑝2 + 2𝑝15 +
1
1496
, (58)
𝑓2 =
3𝑝3
16 − 7𝑝
2
81 − 7𝑝71 − 146
− 41𝑝397 + 𝑝2 − 121𝑝230 − 117
, (59)
D. The logarithmic coupling function
Finally we turn to the logarithmic coupling function
𝑓(𝜙) =
1
4
log𝜙 , (60)
7the dimensionless parameter for this type of black-holes
is
𝑝 =
6
𝑟40𝜙
2
0
, (61)
and the allowed values of 𝜙0 are
|𝜙0| >
√
6
𝑟20
. (62)
The approximate analytic expressions for the parame-
ters in this case are given below
𝑎1 =
11𝑝3
761 − 113𝑝
2
2844 +
18𝑝
709
− 605𝑝21314 + 𝑝− 425787
, (63)
𝑎2 =
− 586𝑝3813 + 367𝑝
2
666 + 𝑝− 384611
237
1072 − 255𝑝1189
, (64)
𝜖 =
105𝑝
1018 − 44𝑝
2
1323
1− 349𝑝657
, (65)
𝑏1 =
85𝑝
387 − 57𝑝
2
308
− 29𝑝2152 + 𝑝− 222251
, (66)
𝑏2 =
− 66𝑝2197 + 𝑝− 262383
− 73𝑝2318 + 149𝑝295 − 69250
, (67)
𝜙∞ =
− 277𝑝3405 + 159𝑝
2
218 + 𝑝+
10
253
− 37𝑝3458 + 167𝑝
2
246 +
73𝑝
608 +
1
1310
, (68)
𝑓0 =
94𝑝3
305 − 17𝑝
2
171 − 73𝑝347 − 1380
𝑝2 − 139𝑝154 − 985
, (69)
𝑓1 =
− 83𝑝3188 + 160𝑝
2
239 +
28𝑝
285
− 269𝑝2372 + 𝑝+ 3148
, (70)
𝑓2 =
81𝑝3
203 +
37𝑝2
378 − 350𝑝571 − 29802
− 139𝑝3605 + 𝑝2 − 173𝑝233 − 31384
, (71)
At this point, one must mention an important phe-
nomenon, the eikonal instability, which takes place when
the Gauss-Bonnet term is turned on. Once the Gauss-
Bonnet coupling constant is not small enough, the black
hole solution suffers from a dynamical instability: if lin-
early perturbed, the perturbation grows unboundedly.
The linear instability breaks down and the regime of
small perturbations, indicating that the black hole can-
not exist in this range of parameters.
The instability brought by the Gauss-Bonnet term is
of special kind: it develops at high multipole numbers, so
that the summation over the multipole numbers cannot
be valid anymore. This kind of instability was first ob-
served for the higher dimensional Einstein-Gauss-Bonnet
black holes [32] and later observed for a number of other
cases, including black branes [33], asymptotically dS and
AdS black holes [34–36], black holes and branes in theo-
ries with higher than the second order in curvature cor-
rections [37–40]. In some cases, the instability occurs not
only for the gravitational perturbations, but also for the
test scalar field [41].
As the eikonal instability is a very wide phenomena
which, it seems, does not depend on a particular form of
the higher curvature correction, we believe that it must
be present also for the Einstein-scalar-Gauss-Bonnet the-
ory at least once the scalar coupling is not strong enough.
Therefore, the regime of near extremal 𝑝, corresponding
to the maximal coupling, most probably does not repre-
sent any realistic stable black hole. Exactly in this regime
our continued fraction expansion converges slowly. On
the contrary, in the regime where one can expect stable
configuration the second order expansion is sufficient to
constrain the relative error by fractions of one percent.
In other words, our analytical approximation must very
accurate already at the second order, once one is limited
by stable configurations.
V. BLACK–HOLE SHADOWS AND
ACCURACY OF THE ANALYTICAL
APPROXIMATION
In the previous sections we have obtained approximate
analytical expressions for the metric functions and the
scalar field up to fourth order in the CFA. In all cases,
we have found excellent agreement between the numeri-
cal and analytical solutions by computing the RE. Still,
the metric itself is not gauge invariant and comparison
of various metric functions does not allow us to deter-
mine the accuracy of the analytical approximation. For
the latter one needs to consider some gauge invariant,
observable quantity.
Recently black-holes shadows have been intensively
studied for various theories of gravity and astrophysical
environment [42–62]. In this section we perform the com-
putation of the shadows cast by the EsGB black holes nu-
merically. For different orders in the continued-fractions
approximation we compute the shadows and compare
them with the numerical ones. This way we have a gauge
invariant measure of the accuracy of our approximation.
The radius of the photon sphere 𝑟𝑝ℎ of a black hole
in the coordinate system of (3) is determined by means
of the following function: (see, for example, [63, 64] and
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shadow with 𝑛 = 1 in (left) the even-polynomial GB coupling of Eqs.(24) (right) the odd-polynomial GB coupling of Eqs.(36).
references therein)
ℎ2(𝑟) ≡ 𝑟
2
𝑔𝑡𝑡(𝑟)
, (72)
as the solution to the equation
𝑑
𝑑𝑟
ℎ2(𝑟) = 0 . (73)
Then, the radius of the black-hole shadow 𝑅𝑠ℎ as seen by
a distant static observer located at 𝑟𝑂 will be
𝑅𝑠ℎ =
ℎ(𝑟𝑝ℎ)𝑟𝑂
ℎ(𝑟𝑂)
=
𝑟𝑝ℎ
√︀
𝑔𝑡𝑡(𝑟𝑂)√︀
𝑔𝑡𝑡(𝑟𝑝ℎ)
≈ 𝑟𝑝ℎ√︀
𝑔𝑡𝑡(𝑟𝑝ℎ)
, (74)
where in the last equation we have assumed that the ob-
server is located sufficiently far away from the black hole
so that she/he is deep in the asymptotically-flat regime
i.e. 𝑔𝑡𝑡(𝑟𝑂) ≈ 1.
In the case of the Schwarzschild black hole it is known
that 𝑟𝑝ℎ = 1.5 𝑟0 and so according to (74) the shadow
is 𝑅𝑠ℎ ≈ 2.59808 𝑟0. For the EsGB black holes, the de-
viations from these two limiting values are expected to
increase with the parameter 𝑝 as we move further and
further away from the Schwarzschild limit (𝑝 = 0). This
is indeed the case as the plots for the numerical values of
𝑟𝑝ℎ and 𝑅𝑠ℎ reveal in Fig.4. We point out that although
𝑟𝑝ℎ is a non-observable auxiliary quantity, which is not
gauge-invariant, it is very useful in many applications
beyond the computation of black-hole shadows. To this
end, its profile with 𝑝 as depicted in Fig.4 provides useful
information. Also, in Appendix C, the interested reader
can find approximate analytical expressions for these two
quantities.
Having obtained the accurate solutions for the shad-
ows numerically we can now compare how each order in
the CFA stands against the numerical solutions. By ter-
minating the series of the expansion of 𝐴(𝑥) (13) each
time at 𝑎2, 𝑎3 and 𝑎4 we obtain the second, third and
fourth order analytical approximation for the 𝑔𝑡𝑡(𝑟) met-
ric function respectively.
The absolute RE of the analytical approximation of
the black-hole shadow 𝑅𝑠ℎ (𝑝) from the numerical solution
𝑅𝑠ℎ, at each value of the dimensionless parameter 𝑝, and
for the three different orders in the CFA is given in Fig.5
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FIG. 6. The absolute relative error for 3 different orders in the continued-fractions approximation for the EsGB black-hole
shadow with 𝑛 = 1 in (left) the inverse-polynomial GB coupling of Eqs.(48) (right) the logarithmic GB coupling of Eqs.(60).
(left panel) for 𝑓(𝜙) = 𝜙2/4, in Fig.5 (right panel) for
𝑓(𝜙) = 𝜙3/4 , in Fig.6 (left panel) for 𝑓(𝜙) = 𝜙−1/4 and
in Fig.6 (right panel) for 𝑓(𝜙) = log (𝜙)/4.
The analytic expressions for the metric functions in the
second and fourth order in CFA deviate from the numer-
ical ones by less than 1% for almost the entirety of the
GB couplings that we have studied in this work. Only
for the inverse polynomial case, the deviation is slightly
larger but still smaller than 1.4%. It is noteworthy that
these maximal values for the RE actually emerge in the
large-𝑝 regime where the black-holes are presumably un-
stable. Thus for viable black-hole solutions the RE is
quite small.
Notice that the third order approximation gives
slightly worse accuracy for some values of 𝑝 than those of
the second and fourth order. We believe that this hap-
pens because the fitting procedure keeps some uncertain-
ties: there are a number of ways to make better fitting
of the parameters at the lower orders, but worse at the
higher ones and vice versa.
VI. CONCLUSIONS
In the context of Einstein-scalar-Gauss-Bonnet grav-
ity, a plethora of black hole solutions with non-trivial
scalar hair emerge for different coupling functions to the
Gauss-Bonnet (GB) term [31]. This has been recently
demonstrated in [10] where numerical solutions to the
field equations have been obtained for four different GB-
couplings (even-, odd-, inverse-polynomial and logarith-
mic). In this work, we employed the powerful method
of the continued-fractions approximation [14] in order to
obtain analytic expressions for the metric functions and
the scalar field for the aforementioned GB-couplings.
For each coupling function we parametrized the fam-
ily of black hole solutions that emerge in terms of a
dimensionless compact parameter 𝑝 that ranges from 0
(Schwarzschild limit) to 1. The analytical representation
is based on the continued fraction expansion which con-
verges quickly for all values of 𝑝 except the regime of near
extremal coupling, when 𝑝 is close to unity. It is known
that in this regime, Gauss-Bonnet black holes (as well
as all the other known higher curvature corrected black
holes and branes whose gravitational perturbations were
investigated) are unstable and, therefore, cannot exist.
Although the (in)stability for the above considered cou-
plings of the scalar field have not been studied in the
literature so far, we assume that at least in the regime
of the weak scalar field, the instability should remain.
It would be interesting to check this supposition on the
instability of EsGB black holes in the future.
We performed the computation up to the forth order in
the continued-fractions expansion and we have found that
the deviation of the analytic expressions from the accu-
rate numerical ones is at most of the order of 𝒪(1)% for
stable black-hole configurations. This observation alone
is not sufficient to guaranty the high accuracy of the ap-
proximation since the metric coefficients are not gauge-
invariant quantities.
To this end, in order to make a concrete and gauge
invariant statement about the accuracy of the approxi-
mation we turned to the black-hole shadows cast by the
EsGB black holes. We computed the shadows for four
GB-couplings numerically and compared them against
the approximate results obtained via the analytical ap-
proximation to second, third and fourth order. We found
that already in the second order, the largest relative error
for the analytical approximations emerges in the maximal
coupling limit 𝑝→ 1 and is less than 1%.
We noticed that all the considered coupling functions
lead to an increase of the radius of the black hole shadow.
In addition, we have obtained analytical expressions for
the photon sphere which increases for all the couplings
as well. The obtained here analytical representation for
the black-hole metrics and scalar fields in the Einstein-
scalar-Gauss-Bonnet theory allows one to explore various
analytical, semi-analytical and numerical tools in order
10
to study various effects in the background of these solu-
tions, such as accretion of matter, quasinormal modes,
scattering, Hawking radiation and others.
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Appendix A: Analytical expressions for the metric
functions and the scalar field to second order in the
CFA
In this Appendix we give the explicit expressions for
the analytical approximations for the metric functions
and the scalar field in second order in the CFA.
These functions are rational functions of 𝑟, which we
give in the following form:
𝑔𝑡𝑡(𝑟) ≈ 𝒩 (1)/𝒟(1)
(︁
1− 𝑟0
𝑟
)︁
, (A1)√︀
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) ≈ 𝒩 (2)/𝒟(2) , (A2)
𝑒𝜙(𝑟)−𝜙∞ ≈ 𝒩 (3)/𝒟(3) , (A3)
where the numerators, 𝒩 (1),𝒩 (2),𝒩 (3), and the de-
nominators, 𝒟(1),𝒟(2),𝒟(3), for each of the functions are
given for each coupling separately.
1. Even–polynomial GB coupling: 𝑓(𝜙) = 𝜙2/4
𝑔𝑡𝑡(𝑟) ≈ 𝒩 (1)𝑒𝑣𝑒/𝒟(1)𝑒𝑣𝑒
(︁
1− 𝑟0
𝑟
)︁
, (A4)√︀
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) ≈ 𝒩 (2)𝑒𝑣𝑒/𝒟(2)𝑒𝑣𝑒 , (A5)
𝑒𝜙(𝑟)−𝜙∞ ≈ 𝒩 (3)𝑒𝑣𝑒/𝒟(3)𝑒𝑣𝑒 , (A6)
where
𝒩 (1)𝑒𝑣𝑒 = 𝑝6(0.0273395 𝑟30 − 0.0273395 𝑟2𝑟0) + 𝑝5(𝑟3 − 0.737869 𝑟2𝑟0 − 0.0114842 𝑟𝑟20 − 0.273615 𝑟30) + 𝑝4 (−10.4088 𝑟3
+ 10.1241 𝑟2𝑟0 + 0.121014 𝑟𝑟
2
0 + 1.15224 𝑟
3
0) + 𝑝
3 (29.8132 𝑟3 − 34.4461 𝑟2𝑟0 − 0.419751 𝑟𝑟20 − 3.0735 𝑟30)
+ 𝑝2(−7.36175 𝑟3 + 25.9689 𝑟2𝑟0 + 0.540161 𝑟𝑟20 + 3.67187 𝑟30) + 𝑝 (−51.7172 𝑟3 + 27.879 𝑟2𝑟0 − 0.230379 𝑟𝑟20
− 1.48583 𝑟30) + 39.8966 𝑟3 − 29.9903 𝑟2𝑟0 , (A7)
𝒟(1)𝑒𝑣𝑒 = 𝑝5𝑟2(𝑟 − 𝑟0) + 𝑝4𝑟2(10.8289 𝑟0 − 10.4088 𝑟) + 𝑝3𝑟2(29.8132𝑟 − 34.5843𝑟0) + 𝑝2𝑟2(24.7365𝑟0 − 7.36175𝑟)
+ 𝑝𝑟2(28.8068𝑟0 − 51.7172𝑟) + 𝑟2(39.8966𝑟 − 29.9903𝑟0) , (A8)
𝒩 (2)𝑒𝑣𝑒 = 𝑝5(𝑟2 − 𝑟𝑟0) + 𝑝4(5.97995𝑟𝑟0 − 5.97995𝑟2) + 𝑝3(9.25097𝑟2 − 9.03038𝑟𝑟0 + 0.233666𝑟20) + 𝑝2(−13.5895𝑟2
+ 12.1594𝑟𝑟0 − 0.516068𝑟20) + 𝑝 (22.3021𝑟2 − 19.9922𝑟𝑟0 + 0.283453𝑟20)− 13.2868𝑟2 + 12.1842𝑟𝑟0 , (A9)
𝒟(2)𝑒𝑣𝑒 = 𝑝5𝑟(𝑟 − 𝑟0) + 𝑝4𝑟(5.97995𝑟0 − 5.97995𝑟) + 𝑝3𝑟(9.25097𝑟 − 9.03038𝑟0) + 𝑝2𝑟(12.1594𝑟0 − 13.5895𝑟)
+ 𝑝𝑟 (22.3021𝑟 − 19.9922𝑟0) + 𝑟 (12.1842𝑟0 − 13.2868𝑟) , (A10)
𝒩 (3)𝑒𝑣𝑒 = 𝑝8(1.𝑟2 − 1.02858𝑟𝑟0 − 0.274445𝑟20) + 𝑝7(3.11961𝑟2 − 1.86997𝑟𝑟0 + 0.95122𝑟20) + 𝑝6(−7.34762𝑟2
+ 7.67617𝑟𝑟0 − 1.04974𝑟20) + 𝑝5(−21.0622𝑟2 + 12.5531𝑟𝑟0 + 0.029329𝑟20) + 𝑝4(11.5435𝑟2 − 9.17859𝑟𝑟0
+ 0.0986619𝑟20) + 𝑝
3(18.7555𝑟2 − 13.3789𝑟𝑟0 + 0.15665𝑟20) + 𝑝2(1.93962𝑟2 − 1.3871𝑟𝑟0 + 0.00373914𝑟20)
+ 𝑝(0.050048𝑟2 − 0.0361114𝑟𝑟0 + 0.0000582519𝑟20) + 4.035× 10−6𝑟2 + 1.495× 10−8𝑟𝑟0
+ 5.495× 10−8𝑟20 , (A11)
11
and
𝒟(3)𝑒𝑣𝑒 = 𝑝8𝑟(1.𝑟 − 1.14693𝑟0) + 𝑝7𝑟(3.11961𝑟 − 2.21898𝑟0) + 𝑝6𝑟(8.47066𝑟0 − 7.34762𝑟) + 𝑝5𝑟(14.279𝑟0 − 21.0622𝑟)
+ 𝑝4𝑟(11.5435𝑟 − 11.0756𝑟0) + 𝑝3𝑟(18.7555𝑟 − 13.9269𝑟0) + 𝑝2𝑟(1.93962𝑟 − 1.41739𝑟0) + 𝑝𝑟(0.050048𝑟
− 0.0362987𝑟0) + 4.035× 10−6𝑟2 . (A12)
2. Odd–polynomial GB coupling: 𝑓(𝜙) = 𝜙3/4
𝑔𝑡𝑡(𝑟) ≈ 𝒩 (1)𝑜𝑑𝑑/𝒟(1)𝑜𝑑𝑑
(︁
1− 𝑟0
𝑟
)︁
, (A13)√︀
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) ≈ 𝒩 (2)𝑜𝑑𝑑/𝒟(2)𝑜𝑑𝑑 , (A14)
𝑒𝜙(𝑟)−𝜙∞ ≈ 𝒩 (3)𝑜𝑑𝑑/𝒟(3)𝑜𝑑𝑑 , (A15)
where
𝒩 (1)𝑜𝑑𝑑 = 𝑝8(0.00537634𝑟2𝑟0 − 0.00537634𝑟30) + 𝑝7(−0.0518836𝑟2𝑟0 + 0.00105719𝑟𝑟20 + 0.0529408𝑟30)
+ 𝑝6(1.𝑟3 − 0.86139𝑟2𝑟0 − 0.0104076𝑟𝑟20 − 0.149018𝑟30) + 𝑝5(−3.96079𝑟3 + 4.05559𝑟2𝑟0 + 0.029677𝑟𝑟20 + 0.211035𝑟30)
+ 𝑝4(3.89682𝑟3 − 4.75407𝑟2𝑟0 − 0.0293161𝑟𝑟20 − 0.143895𝑟30) + 𝑝3(0.572272𝑟3 + 0.467441𝑟2𝑟0 + 0.00542841𝑟𝑟20
+ 0.0284754𝑟30) + 𝑝
2(−1.35561𝑟3 + 1.05084𝑟2𝑟0 + 0.00352281𝑟𝑟20 + 0.00513373𝑟30) + 𝑝(−0.17693𝑟3 + 0.113522𝑟2𝑟0
+ 0.000048065𝑟𝑟20 + 0.000151556𝑟
3
0)− 0.000822131𝑟3 , (A16)
𝒟(1)𝑜𝑑𝑑 = 𝑝6𝑟2(1.𝑟 − 1.𝑟0) + 𝑝5𝑟2(4.15743𝑟0 − 3.96079𝑟) + 𝑝4𝑟2(3.89682𝑟 − 4.71385𝑟0) + 𝑝3𝑟2(0.572272𝑟 + 0.426992𝑟0)
+ 𝑝2𝑟2(1.04068𝑟0 − 1.35561𝑟) + 𝑝𝑟2(0.113474𝑟0 − 0.17693𝑟)− 0.000822131𝑟3 , (A17)
𝒩 (2)𝑜𝑑𝑑 = 𝑝5(𝑟2 − 𝑟𝑟0) + 𝑝4(−5.85214𝑟2 + 5.95711𝑟𝑟0 + 0.108754𝑟20) + 𝑝3(6.41291𝑟2 − 7.08335𝑟𝑟0 − 0.238311𝑟20)
+ 𝑝2(2.69182𝑟2 − 1.62168𝑟𝑟0 + 0.127734𝑟20) + 𝑝 (−4.37086𝑟2 + 3.87431𝑟𝑟0 + 0.00238993𝑟20)− 0.0482146𝑟2
+ 0.0388754𝑟𝑟0 , (A18)
𝒟(2)𝑜𝑑𝑑 = 𝑝5𝑟(1.𝑟 − 1.𝑟0) + 𝑝4𝑟(5.95711𝑟0 − 5.85214𝑟) + 𝑝3𝑟(6.41291𝑟 − 7.08335𝑟0) + 𝑝2𝑟(2.69182𝑟 − 1.62168𝑟0)
+ 𝑝𝑟 (3.87431𝑟0 − 4.37086𝑟) + 𝑟(0.0388754𝑟0 − 0.0482146𝑟) , (A19)
𝒩 (3)𝑜𝑑𝑑 = 𝑝8(0.0422665𝑟20 − 0.0376495𝑟𝑟0) + 𝑝7(1.𝑟2 − 1.00589𝑟𝑟0 − 0.268148𝑟20) + 𝑝6(3.89855𝑟2 − 2.80431𝑟𝑟0
− 0.150165𝑟20) + 𝑝5(2.58704𝑟2 − 0.806081𝑟𝑟0 + 0.336338𝑟20) + 𝑝4(−4.89664𝑟2 + 3.59708𝑟𝑟0 + 0.219547𝑟20)
+ 𝑝3(−5.34556𝑟2 + 3.27195𝑟𝑟0 + 0.0555038𝑟20) + 𝑝2(−0.719236𝑟2 + 0.412732𝑟𝑟0 + 0.00227847𝑟20)
+ 𝑝(−0.033562𝑟2 + 0.0178078𝑟𝑟0 − 0.0000548838𝑟20)− 0.000520093𝑟2 + 0.000246922𝑟𝑟0
− 4.958× 10−7𝑟20 , (A20)
𝒟(3)𝑜𝑑𝑑 = 𝑝7𝑟(1.𝑟 − 1.12263𝑟0) + 𝑝6𝑟(3.89855𝑟 − 3.52943𝑟0) + 𝑝5𝑟(2.58704𝑟 − 1.08552𝑟0) + 𝑝4𝑟(4.61171𝑟0 − 4.89664𝑟)
+ 𝑝3𝑟(3.73444𝑟0 − 5.34556𝑟) + 𝑝2𝑟(0.455455𝑟0 − 0.719236𝑟) + 𝑝𝑟(0.019046𝑟0 − 0.033562𝑟) + 𝑟(0.000255419𝑟0
− 0.000520093𝑟) . (A21)
3. Inverse–polynomial GB coupling 𝑓(𝜙) = 𝜙−1/4
𝑔𝑡𝑡(𝑟) ≈ 𝒩 (1)𝑖𝑛𝑣/𝒟(1)𝑖𝑛𝑣
(︁
1− 𝑟0
𝑟
)︁
, (A22)√︀
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) ≈ 𝒩 (2)𝑖𝑛𝑣/𝒟(2)𝑖𝑛𝑣 , (A23)
𝑒𝜙(𝑟)−𝜙∞ ≈ 𝒩 (3)𝑖𝑛𝑣/𝒟(3)𝑖𝑛𝑣 , (A24)
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where
𝒩 (1)𝑖𝑛𝑣 = 𝑝8(0.00630915𝑟2𝑟0 − 0.00630915𝑟30) + 𝑝7(−0.270873𝑟2𝑟0 + 0.00158747𝑟𝑟20 + 0.272461𝑟30) + 𝑝6(𝑟3 + 1.68132𝑟2𝑟0
− 0.0676888𝑟𝑟20 − 1.87658𝑟30) + 𝑝5(−30.771𝑟3 + 27.3744𝑟2𝑟0 + 0.65521𝑟𝑟20 + 3.28027𝑟30) + 𝑝4(52.7707𝑟3
− 61.4833𝑟2𝑟0 − 0.744326𝑟𝑟20 − 0.405224𝑟30) + 𝑝3(−0.028509𝑟3 + 13.4581𝑟2𝑟0 − 0.310375𝑟𝑟20 − 2.09652𝑟30)
+ 𝑝2(−24.1726𝑟3 + 25.4044𝑟2𝑟0 + 0.435715𝑟𝑟20 + 0.619006𝑟30) + 𝑝(−0.865964𝑟3 − 3.69793𝑟2𝑟0 + 0.0327455𝑟𝑟20
+ 0.11195𝑟30) + 0.604044𝑟
3 − 0.93029𝑟2𝑟0 , (A25)
𝒟(1)𝑖𝑛𝑣 = 𝑝6𝑟2(𝑟 − 𝑟0) + 𝑝5𝑟2(31.0226𝑟0 − 30.771𝑟) + 𝑝4𝑟2(52.7707𝑟 − 60.4391𝑟0) + 𝑝3𝑟2(11.1237𝑟0 − 0.028509𝑟)
+ 𝑝2𝑟2(25.2874𝑟0 − 24.1726𝑟) + 𝑝𝑟2(−0.865964𝑟 − 3.6373𝑟0) + 𝑟2(0.604044𝑟 − 0.93029𝑟0) , (A26)
𝒩 (2)𝑖𝑛𝑣 = 𝑝4(𝑟2 − 1.16356𝑟𝑟0 − 0.148553𝑟20) + 𝑝3(−4.69714𝑟2 + 6.11751𝑟𝑟0 + 0.733313𝑟20) + 𝑝2(1.51773𝑟2 − 5.7017𝑟𝑟0
− 1.07164𝑟20) + 𝑝 (9.04644𝑟2 − 4.16948𝑟𝑟0 + 0.487947𝑟20)− 7.0095 𝑟2 + 5.05739 𝑟𝑟0 , (A27)
𝒟(2)𝑖𝑛𝑣 = 𝑝4𝑟(𝑟 − 1.16356𝑟0) + 𝑝3𝑟(6.11751𝑟0 − 4.69714𝑟) + 𝑝2𝑟(1.51773𝑟 − 5.7017𝑟0) + 𝑝𝑟 (9.04644𝑟 − 4.16948𝑟0)
+ 𝑟(5.05739𝑟0 − 7.0095𝑟) , (A28)
𝒩 (3)𝑖𝑛𝑣 = 𝑝8(0.0565104𝑟𝑟0 − 0.0806291𝑟20) + 𝑝7(𝑟2 + 0.0248978𝑟𝑟0 − 0.563046𝑟20) + 𝑝6(−2.60975𝑟2 + 2.71404𝑟𝑟0
+ 0.472884𝑟20) + 𝑝
5(−2.08273𝑟2 − 1.28601𝑟𝑟0 + 0.483577𝑟20) + 𝑝4(2.90881𝑟2 − 1.41739𝑟𝑟0 − 0.221653𝑟20)
+ 𝑝3(0.969144𝑟2 − 0.349375𝑟𝑟0 − 0.0428696𝑟20) + 𝑝2(0.0963716𝑟2 − 0.0319405𝑟𝑟0 − 0.00210459𝑟20)
+ 𝑝(0.00313102𝑟2 − 0.000929518𝑟𝑟0 − 0.0000521411𝑟20) + 0.0000138482𝑟2 − 4.023× 10−6𝑟𝑟0
+ 7.881× 10−8𝑟20 , (A29)
𝒟(3)𝑖𝑛𝑣 = 𝑝7𝑟(𝑟 + 0.79726𝑟0) + 𝑝6𝑟(0.64892𝑟0 − 2.60975𝑟) + 𝑝5𝑟(−2.08273𝑟 − 0.717579𝑟0) + 𝑝4𝑟(2.90881𝑟 − 0.698231𝑟0)
+ 𝑝3𝑟(0.969144𝑟 − 0.210491𝑟0) + 𝑝2𝑟(0.0963716𝑟 − 0.0234361𝑟0) + 𝑝𝑟(0.00313102𝑟 − 0.00083285𝑟0)
+ 𝑟(0.0000138482𝑟 − 3.737× 10−6𝑟0) . (A30)
4. Logarithmic GB coupling: 𝑓(𝜙) = log (𝜙)/4
𝑔𝑡𝑡(𝑟) ≈ 𝒩 (1)𝑙𝑜𝑔 /𝒟(1)𝑙𝑜𝑔
(︁
1− 𝑟0
𝑟
)︁
, (A31)√︀
𝑔𝑡𝑡(𝑟)𝑔𝑟𝑟(𝑟) ≈ 𝒩 (2)𝑙𝑜𝑔 /𝒟(2)𝑙𝑜𝑔 , (A32)
𝑒𝜙(𝑟)−𝜙∞ ≈ 𝒩 (3)𝑙𝑜𝑔 /𝒟(3)𝑙𝑜𝑔 , (A33)
where
𝒩 (1)𝑙𝑜𝑔 = 𝑝7(0.0626084𝑟30 − 0.0626084𝑟2𝑟0) + 𝑝6(𝑟3 − 0.621986𝑟2𝑟0 − 0.378014𝑟30) + 𝑝5(−4.81894𝑟3 + 4.13961𝑟2𝑟0
− 0.0186288𝑟𝑟20 + 0.65135𝑟30) + 𝑝4(7.27136𝑟3 − 6.76272𝑟2𝑟0 + 0.117437𝑟𝑟20 − 0.0407656𝑟30) + 𝑝3(−1.24665𝑟3
+ 0.285681𝑟2𝑟0 − 0.248593𝑟𝑟20 − 0.910056𝑟30) + 𝑝2(−6.33774𝑟3 + 8.6188𝑟2𝑟0 + 0.219636𝑟𝑟20 + 0.845321𝑟30)
+ 𝑝(5.38018𝑟3 − 7.52226𝑟2𝑟0 − 0.0698525𝑟𝑟20 − 0.230411𝑟30)− 1.24797𝑟3 + 1.92521𝑟2𝑟0 , (A34)
𝒟(1)𝑙𝑜𝑔 = 𝑝6𝑟2(1.𝑟 − 1.𝑟0) + 𝑝5𝑟2(4.81894𝑟0 − 4.81894𝑟) + 𝑝4𝑟2(7.27136𝑟 − 6.97382𝑟0) + 𝑝3𝑟2(−1.24665𝑟 − 0.266442𝑟0)
+ 𝑝2𝑟2(9.14686𝑟0 − 6.33774𝑟) + 𝑝𝑟2(5.38018𝑟 − 7.65098𝑟0) + 𝑟2(1.92521𝑟0 − 1.24797𝑟) , (A35)
𝒩 (2)𝑙𝑜𝑔 = 𝑝4(1.𝑟2 − 0.593401𝑟𝑟0 + 0.394399𝑟20) + 𝑝3(−7.9072𝑟2 + 4.88145𝑟𝑟0 − 1.33585𝑟20) + 𝑝2(20.3089𝑟2 − 13.2461𝑟𝑟0
+ 1.50407𝑟20) + 𝑝 (−21.2712𝑟2 + 14.5616𝑟𝑟0 − 0.562773𝑟20) + 7.88315𝑟2 − 5.61692𝑟𝑟0 , (A36)
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𝒟(2)𝑙𝑜𝑔 = 𝑝4𝑟(1.𝑟 − 0.593401𝑟0) + 𝑝3𝑟(4.88145𝑟0 − 7.9072𝑟) + 𝑝2𝑟(20.3089𝑟 − 13.2461𝑟0) + 𝑝 𝑟 (14.5616𝑟0 − 21.2712𝑟)
+ 𝑟(7.88315𝑟 − 5.61692𝑟0) , (A37)
𝒩 (3)𝑙𝑜𝑔 = 𝑝8(0.308197𝑟𝑟0 − 1.55526𝑟20) + 𝑝7(𝑟2 − 0.883943𝑟𝑟0 + 6.67252𝑟20) + 𝑝6(4.20077𝑟2 − 1.14941𝑟𝑟0 − 10.6532𝑟20)
+ 𝑝5(−21.718𝑟2 + 6.07481𝑟𝑟0 + 7.16324𝑟20) + 𝑝4(25.0109𝑟2 − 6.1987𝑟𝑟0 − 1.39585𝑟20) + 𝑝3(−6.22803𝑟2 + 1.22793𝑟𝑟0
− 0.154846𝑟20) + 𝑝2(−2.12542𝑟2 + 0.581306𝑟𝑟0 − 0.0716687𝑟20) + 𝑝(−0.142358𝑟2 + 0.0402579𝑟𝑟0 − 0.00455675𝑟20)
− 0.00204968𝑟2 + 0.000583126𝑟𝑟0 + 0.000015759𝑟20 , (A38)
𝒟(3)𝑙𝑜𝑔 = 𝑝7𝑟(1.𝑟 − 2.35737𝑟0) + 𝑝6𝑟(4.20077𝑟 + 4.80947𝑟0) + 𝑝5𝑟(2.31625𝑟0 − 21.718𝑟) + 𝑝4𝑟(25.0109𝑟 − 9.11216𝑟0)
+ 𝑝3𝑟(3.44067𝑟0 − 6.22803𝑟) + 𝑝2𝑟(0.858209𝑟0 − 2.12542𝑟) + 𝑝𝑟(0.0474343𝑟0 − 0.142358𝑟)
+ 𝑟(0.000634068𝑟0 − 0.00204968𝑟) . (A39)
Appendix B: Analytical expressions for the
higher–order CFA coefficients up to fourth order
1. Even–polynomial GB coupling: 𝑓(𝜙) = 𝜙2/4
𝑎3 =
− 13𝑝2287 + 𝑝− 37125
177
991 − 56𝑝313
, (B1)
𝑎4 =
− 463𝑝41015 + 𝑝3 − 233𝑝
2
338 +
47𝑝
363 − 1189
𝑝
353 − 1350
, (B2)
𝑏3 =
− 32𝑝289 + 𝑝− 79156
8𝑝2
131 − 56𝑝375 + 65737
, (B3)
𝑏4 =
𝑝2 − 37𝑝90 + 17366
10
303 − 43𝑝1375
. (B4)
𝑓3 =
− 18𝑝273 + 𝑝− 59187
37
133 − 28𝑝103
, (B5)
𝑓4 =
− 54𝑝4115 + 𝑝3 − 50𝑝
2
77 +
10𝑝
97 − 1477
𝑝
463 − 1456
. (B6)
2. Odd–polynomial GB coupling: 𝑓(𝜙) = 𝜙3/4
𝑎3 =
127𝑝3
188 − 257𝑝
2
270 + 𝑝− 34213
35
253 − 49𝑝354
, (B7)
𝑎4 =
− 70𝑝3131 + 𝑝2 − 167𝑝301 − 35367
28𝑝
1009 − 8287
, (B8)
𝑏3 =
𝑝2 − 7𝑝260 − 74197
5𝑝2
296 − 29𝑝184 + 37264
, (B9)
𝑏4 =
𝑝2 − 409𝑝1002 + 15377
5
144 − 11𝑝331
, (B10)
𝑓3 =
− 19𝑝278 + 𝑝− 21230
23
64 − 20𝑝57
, (B11)
𝑓4 =
− 110𝑝4283 + 𝑝3 − 62𝑝
2
65 +
50𝑝
129 − 1140
1
126 − 𝑝126
. (B12)
3. Inverse–polynomial GB coupling: 𝑓(𝜙) = 𝜙−1/4
𝑎3 =
99𝑝3
817 − 70𝑝
2
299 + 𝑝+
37
524
− 106𝑝2207 + 71𝑝144 + 5276
, (B13)
𝑎4 =
− 110𝑝3197 + 𝑝2 − 13𝑝94 − 2181
21
185 − 43𝑝379
, (B14)
𝑏3 =
− 63𝑝2193 + 𝑝− 101247
37𝑝2
211 − 16𝑝35 + 69245
, (B15)
𝑏4 =
− 266𝑝3353 + 𝑝2 − 77𝑝325 + 190
1
57 − 6𝑝337
, (B16)
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𝑓3 =
− 85𝑝3117 + 𝑝2 − 9𝑝116 − 1235
− 55𝑝2439 + 7𝑝59 + 1106
, (B17)
𝑓4 =
𝑝3 − 55𝑝271 + 58𝑝209
− 31𝑝367 + 83𝑝
2
117 − 31𝑝104 + 598
. (B18)
4. Logarithmic GB coupling: 𝑓(𝜙) = log (𝜙)/4
𝑎3 =
𝑝3 − 1424𝑝22197 − 239𝑝728 − 49886
− 8𝑝3595 + 71𝑝
2
433 − 99𝑝743 − 5343
, (B19)
𝑎4 =
− 637𝑝3906 + 𝑝2 − 132𝑝335 + 15649
− 98𝑝2647 + 487𝑝1523 − 109644
, (B20)
𝑏3 =
− 109𝑝2181 + 𝑝− 63188
8𝑝2
43 − 97𝑝232 + 55237
, (B21)
𝑏4 =
− 93𝑝3119 + 𝑝2 − 24𝑝109 + 7559
10
287 − 6𝑝169
, (B22)
𝑓3 =
− 203𝑝3347 + 𝑝2 − 5𝑝64 − 3361
− 347𝑝2523 + 71𝑝108 + 295
, (B23)
𝑓4 =
− 143𝑝3331 + 𝑝2 − 108𝑝161
22𝑝
293 − 17225
. (B24)
Appendix C: Analytical expressions for the
photon–sphere radii and the black–hole shadows
Here we present approximate analytical expressions
for the radius of the photon sphere and the black-hole
shadow for the four GB-couplings that we have consid-
ered in this work.
Notice that in order to obtain these analytical expres-
sions no approximate expression for the metric functions
has been involved. Instead, we employed only the accu-
rate numerical solution for 𝑔𝑡𝑡(𝑟) aiming to get the most
accurate results.
For various values of 𝑝 we computed the corresponding
values of 𝑟𝑝ℎ and 𝑅𝑠ℎ and in turn we performed a fitting
of the collected data. Eventually, as any fitting procedure
unavoidably introduces some error we have also included
Fig.7 to quantify the accuracy of the fitting of the numer-
ical data at each value of the dimensionless parameter 𝑝.
1. Even–polynomial GB coupling: 𝑓(𝜙) = 𝜙2/4
𝑟𝑝ℎ =
− 5𝑝2292 − 366𝑝571 + 1
2
3 − 199𝑝448
, (C1)
𝑅𝑠ℎ =
− 3𝑝2292 − 221𝑝617 + 1
102
265 − 55𝑝373
, (C2)
2. Odd–polynomial GB coupling: 𝑓(𝜙) = 𝜙3/4
𝑟𝑝ℎ =
8𝑝3
353 + 𝑝
2 − 293𝑝310 − 249274
25𝑝2
37 − 221𝑝362 − 146241
, (C3)
𝑅𝑠ℎ =
− 3𝑝3245 − 311𝑝
2
777 + 𝑝+
183
575
− 20𝑝2123 + 115𝑝303 + 55449
, (C4)
3. Inverse–polynomial GB coupling: 𝑓(𝜙) = 𝜙−1/4
𝑟𝑝ℎ =
− 3𝑝3175 − 61𝑝
2
250 − 146𝑝557 + 1
− 73𝑝2445 − 41𝑝206 + 23
, (C5)
𝑅𝑠ℎ =
− 9𝑝3407 − 61𝑝
2
174 +
106𝑝
157 + 1
− 67𝑝2454 + 40𝑝171 + 107278
, (C6)
4. Logarithmic GB coupling: 𝑓(𝜙) = log (𝜙)/4
𝑟𝑝ℎ =
− 3𝑝3206 − 131𝑝
2
432 − 41𝑝229 + 1
− 81𝑝2389 − 181𝑝1266 + 692510388
, (C7)
𝑅𝑠ℎ =
− 2𝑝3259 − 89𝑝
2
366 + 𝑝− 523637
− 37𝑝2320 + 172𝑝423 − 73231
. (C8)
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FIG. 7. The absolute relative error between numerical values and the analytical expressions of Eqs.(C1)-(C8) that have been
obtained by fitting the accurate numerical values for the photon-sphere radius (left) and the black-hole shadow (right).
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